For a Hermitian curve H in projective plane P 2 and an arbitrary point P of P 2 , we find out the Galois group of the projection H → P 1 with center P . To achieve this aim, we discuss the Galois group of an equation and that of a finite separable morphism between curves in slightly more general context. Moreover, we compute the genus of the so-called Galois-closure curve H P .
Introduction
The Galois group of a linear projection of a curve has been studied for the past decade by Miura and Yoshihara (e.g. [9, 10, 11, 15, 16] ). They are mainly concerned with the characteristic 0 case. If we consider the Galois group in positive characteristic, unusual phenomena may occur even if the center of the projection is a point. In fact, we saw it by an example when the projection is a Galois covering, which is explained in Theorem 1 below. Recently, Fukasawa studied the matter of Galois points in positive characteristic in general [3, 4, 5, 6] .
Let C be a nonsingular plane curve of degree d ≥ 4 over an algebraic closed field k. For an assigned point P of P 2 , the projection π P : C → P 1 with center P gives rise to the field extension k(C)/k(P 1 ), where k(C) and k(P 1 ) are the function fields over k of C and P 1 respectively. We know the extension M. Homma k(C)/k(P 1 ) is separable by [8] . The Galois group G P of the Galois closure of k(C)
is the object of our study. When the extension k(C)/k(P 1 ) via π * P is Galois, the center P of the projection is called a Galois point for C. Since the automorphism group of C is finite and each automorphism, which gives rise to a linear transformation of P 2 , has finitely many fixed points, the number of Galois points for C is finite. When P is not Galois, C P denotes the nonsingular projective curve corresponding to the Galois closure of k(C)/k(P 1 ) via π * P . Before stating our results, we explain what we already know in characteristic 0. In [15, 16] . Our purpose is to observe the behavior of a Hermitian curve in the framework of Yoshihara's theory, which may suggest the difference between the phenomena in characteristic 0 and those in characteristic p > 0.
Let p be a prime number and q = p e with q ≥ 4. We denote by F q 2 the field of q 2 elements, and by k the algebraic closure of F q 2 . We consider a plane curve H given by
where x and y are inhomogeneous coordinates of the ambient projective plane P 2 over k. When we choose F q 2 as a field of definition of H, the curve is called a Hermitian curve.
In the previous paper [7] , we proved the following fact.
Theorem 1 The field extension k(H)/k(P 1 ) by means of π P is Galois if and only if P is F q 2 -rational. Moreover we have
where P 2 (F q 2 ) and H(F q 2 ) denote the set of F q 2 -rational points of P 2 and H respectively.
In this paper, we show the following theorem. In order to prove Theorem 2, we prepare two properties of a Galois group in slightly more general setting than our original one. The first property is algebraic, which is discussed in Section 2, the second one is geometric, discussed in Section 3. Both of the properties are modification of what Ballico and Hefez [2] or Rathmann [13] proved. In Section 2, we use Abhyankar's method of throwing away roots [1] to find the Galois group of an equation coming from π P , which is an important step for computing the genus of H P . Sections 4 and 5 are devoted to the proof of Theorem 2.
Theorem 2 (a) If P ∈ H \ H(F q 2 ), then G P is isomorphic to
AGL(1, F q ) = {σ : F q → F q | σ(z) = αz + β, α ∈ F × q , β ∈ F q } and the genus of H P is (q − 1) 2 q/2. (b) If P ∈ P 2 \ (H ∪ P 2 (F q 2 )),
Galois group of an algebraic equation
In the first half of this section, we consider a polynomial f (X) of degree d > 0 over a field K which has no multiple roots but is possibly reducible. Let {α 1 , . . . , α d } be the set of roots of f (X) in the algebraic closureK of K, and
We introduce a non-common terminology.
, we construct successive pairs
each of which consists of a field K i and a polynomial f i (X) with
The number μ is called the splitting height of f (X) over K.
It is obvious that the splitting height of f (X) is at most the degree of f (X), and it is 0 if and only if f (X) is reducible. 
Proof. We prove this by induction on ρ.
By the construction of successive pairs,
The following proposition is a polynomial version of [13, Prop. 1.5]. 
Proof. When ν = 0, there is nothing to do. (ii)⇒(i) is obvious, and (iii)⇒(ii) follows from Lemma 2.2.
, it is a root of f ρ (X). On the other hand, since 
and σ(α i ) is a root of f (X), we have 
Suppose f (X) is irreducible. Then f (X) is separable and the Galois group
In fact, x q + B = f (x) = 0 as we saw. Choose a root of (3), say v, and put
Choose a root of the equation
on W , say w. Hence the set of roots of (4) is {zw | z ∈ F q \ {0}}, and those of (3) is {v + zw | z ∈ F q }. Therefore the set of roots of f (X) is
Now we describe the action of
) and σ(x + 1 w+v ) are also in the set (5) and distinct, we can find α , γ , β , δ , ε , ζ ∈ F q so that
where both the solutions k and l are nonzero because (α , γ ) = (ε , ζ ) and (β , δ ) = (ε , ζ ) as elements of P 1 . Put α = kα , β = lβ , γ = kγ and δ = lδ . Then
Hence we have
Then, by direct computation, we have
in other words, σ gives rise to the projective transormation
via the identification (5) of the set of roots of f (X) with
is an injective group homomorphism. If this homomorphism is surjective, G(f /K) acts on the set of roots of f (X) 3-fold transitively because the action of P GL(2,
by Proposition 2.3. Since the order of P GL(2, F q ) is also (q + 1)q(q − 1), the injective homomorphism is an isomorphism.
2
By argument similar to the proof of the above lemma, we can show the following fact.
Lemma 2.5 Let K be a field containing F q , and
f (X) = X q + AX q−1 + B ∈ K[X].
Suppose f (X) is irreducible. Then f (X) is separable and the Galois group
G(f /K) of f (X) over K is a subgroup of AGL(1, F q ) := {σ : A 1 (F q ) → A 1 (F q ) | σ(z) = αz + β, α ∈ F × q , β ∈ F q }.
Moreover the action G(f /K) onto the roots of f (X) is 2-fold transitive if and only if
Proof. Since f (X) is irreducible, B = 0. Hence f (X) has no multiple roots, and the equation f (X) = 0 is equivalent to the equation
under the condition Y = 1/X. Choose a root of (6), say y, and put V = Y −y. Then we have
say v. Then the set of roots of (7) is {zv | z ∈ F q \ {0}}. So the set of roots of f (X) is
Hence the splitting field of
Since σ acts on the set (8), we can find α and β ∈ F q so that
Hence σ(y) = βv + y and σ(v) = αv. Hence for z ∈ F q ,
in other words, we have a map
It is easy to see that this map is an injective group homomorphism. If this group homomorphism is an isomorphism, G(f /K) acts on the set (8) 2-fold transitively because AGL(1, F q ) acts on F q 2-fold transitively. Con-
Galois group of a separable morphism of curves
Throughout this section, we fix the following situation. 
is an isomorphism. Here R denotes the completion of a local ring R with respect to the maximal ideal, and f.f.(R) the field of fractions of an integral domain R. We denote by
where all morphisms are natural inclusions. Let L be the composite field of
This gives a represtntation of G as a subgroup of the permutation group Per(
If we choose an element (10) is equivalent to the representation using the roots of the minimal polynomial of α.
The following property of G is a modification of [2, Prop. 3] . In the proposition, Reg X denotes the open subset of a curve X consisting of nonsingular points. 
by the Chinese remainder theorem.
On the other hand, it is not hard to see that
where A ξ i is the completion of the local ring 
after renumbering the polynomials. Since π is unramified at
Hence there is an element
and irreducible over f.f.
, which is, needless to say, Galois. Then G can be regard as a subgroup of G and has required properties. 2
Projection from a point on the Hermitian curve
First we give a lemma on a permutation group. Proof. For arbitrary two symbols x i and x j , we can find an element σ ∈ G so that σ(
Hence σ σ has the required property. 2 Now we go back to the original situation described in Introduction. In this section, we prove the first part of Theorem 2. We handle the Hermitian curve in more concrete way. So we prepare some additional notation. The line at infinity with respect to the inhomogeneous coordinates x, y in (1) meets H at only one point, which is denoted by P ∞ . For a point P ∈ H \ {P ∞ }, we denote by P = P a,b when x(P ) = a anf y(P ) = b. Then b q + b = a q+1 holds. It is easy to see that the tangent line at P a,b to H is given by
Moreover if we consider a q x − y − b q as a function on H, we have
where div is an abbreviation for 'divisor of'.
Theorem 4.2 Let P ∈ H \ H(F q 2 ).
Then the projection π P : H → P 1 with center P is separable, and
Proof. Since P ∞ is an F q 2 -rational point, we may assume that P = P a,b with
Since the family of lines passing through P is {y − b = t(x − a) | t ∈ P 1 }, we can regard t as a coordinate of the target P 1 of π P . Substitute y − b = t(x − a) in (1), and put u = x − a. Then we have
Hence the extension k(H) k(t) via π * P is obtained by adding a root u of the polynomial
in U over k(t), which has no multiple root. Since deg π P = q, the polynomial is irreducible. So the Galois group G P of π P is that of (15) . Since P is not F q 2 -rational, π −1 P (π P (P )) = {P, P } with P = P and π P is unramified at P (see, for example [7, Lem. 3.1] ). Therefore G P acts on the q roots of (15) Proof. We follow the notation used in the proof of Theorem 4.2. Moreover, let v be a root of (a q − t)V q−1 + a − t q , which corresponds Eq. (7) in the proof of Lemma 2.5. Then, from the proof, we have the field extension
with equations
Put w = (x − a)v. Then k( H P ) = k(H) [w] . We find the minimal polynomial of w over k(H) = k(x, y). Using (16), eliminate t from (17). Then
So the extension k( H P ) = k(H)[w] k(H) is given by
which is a Kummer extension. From (14), we have
Applying [14, III 7.3 ] to our situation, we know that π P is ramified at exactly two points P a 1/q 2 ,b 1/q 2 , P a q 2 ,b q 2 , and the ramification index is q −1 at each point.
Hence the genus of H P is (q − 1) 2 q/2 by Riemann-Hurwitz formula. 2
Projection from a point outside the Hermitian curve
Next we consider the case where the center P of the projection is outside (P 2 (F q 2 ) ∪ H). We may assume that P is in the affine plane with respect to the affine coordinates x, y. In fact, if P is on the line at infinity, we can find an automorphism τ of P 2 over F q 2 such that τ (H) = H and τ (P ) is in the affine plane (see Remark 5.1 below).
Remark 5.1
The italicized statement above follows from the following two facts.
(i) The line at infinity is the tangent line at P ∞ to H;
(ii) Any automorphism of H is defined over F q 2 , and the group of automorphisms acts on the set of F q 2 -rational points H(F q 2 ) transitively (see [7, Sec. 3] ).
Proof of the italicized statement: Choose an automorphism τ of H such that τ (P ∞ ) = P 0,0 . Then τ (P ) lies on the tangent line at P 0,0 to H. The only one point of the tangent line lies on the line at infinity, which is the intersection of two tangent lines at P ∞ and P 0,0 to H. Since both of the tangent lines are defined over F q 2 , so is the intersection point. Since P is not F q 2 -rational, neither is τ (P ). Hence τ (P ) is in the affine plane.
Lemma 5.2 Let P be a point of P
Proof. We may assume that P is in the affine plane with respect to the affine coordinates x, y, say P = (a, b). Consider the tangent line T Q at Q = P α,β ∈ H, which is given by α q x − y − β q = 0. The system of equations in two variables α, β
is equivalent to
For any solution (α, β) of (18), we have
(see [7, Lem. 3 .1]), and T P α,β P . We want to show P α,β = P α q 2 ,β q 2 for some solution (α, β). From (18), we have
which has q + 1 distinct roots because
If α is an element of F q 2 , then so is β. Hence if the two roots of Eq. (20) are elements of F q 2 , then P is F q 2 -rational because P is the intersection of two tangent lines defined over F q 2 . Therefore we can find a solution of (18) which is not F q 2 -rational. So
with center P is separable, and
Proof. As already explained, we may assume that P = (a, b) with respect to the affine coordinates x, y. Hence the family of lines passing through P is
Since k( H P ) is the field obtained by adding all the roots of f (X) to k(t), we wish to find them. Put V = 1/(X − x). Then the roots of f (X) other than x come from the roots of the polynomial
in V (see (3) in the proof of Lemma 2.4). From Lemma 5.2 with Proposition 3.2 and Lemma 4.1, G P acts on the set of roots of f (X) 2-fold transitively. Hence (21) is irreducible over k(t, x) by Proposition 2.3. Let v be a root of (21), and put W = V − v. Then the roots of (21) other than v come from the roots of the polynomaial
If this polynomial is irreducible over k (t, x, v) , then the splitting height of f (X) over k(t) is at least 3. Hence the action of G P is 3-fold transitive, and hence we can conclude that G P = P GL(2, F q ) by Lemma 2.4. So our claim is that the polynomial (22) is irreducible over k (t, x, v) . Suppose that the polynomial (22) is irreducible as an element of k(t, x)[W ], and choose a root of the polynomial, say w. Look at the commutative diagram of field extensions
which means that the polynomial (22) is irreducible over k(t, x, v).
We devote the rest of the proof to showing the polynomial (22) to be irreducible over k (t, x) . It is enough to show the polynomial is irreducible over k [t, x] , which can be regarded as the ring of the affine curve H defined by
. It is easy to see that H is nonsingular. Consider the solution of the system of equations
Since (a, b) ∈ P 2 (F q 2 ), there is a root ζ of (23) with ζ ∈ F q 2 . Consider a point R = (ζ q , ζ) ∈ H , and the local ring O H ,R at R, which is regular local because H is nonsingular. Since O H ,R ⊃ k [t, x] , it is sufficient to see that the polynomial (22) is irreducible as an element of O H ,R [W ] . Put x = x − ζ q and t = t − ζ. Then the maximal ideal m of O H ,R is generated by these two elements, and (ζ q 2 − ζ)x + (a − ζ q )t is an element of m corresponding the tangent line to H at R. Note that a − ζ q = 0. In fact, if a = ζ q , then a q+1 = a q ζ q = b q + b because ζ is a root of (23), which contradicts with our starting point. Hence x is a local parameter at R, and hence a prime element of O H ,R . The polynomial (22) can be written as
Since ζ ∈ F q 2 and x is a local parameter, we have
Therefore the polynomial (24) is irreducible by Eisenstein's criterion. The last task is to compute the genus of H P , which involves tedious calculation. We use the same notations as those in the proof of Theorem 5.3. Let H 1 be the nonsingular projective curve whose function field is k (t, x, v) . Recall that H P is the nonsingular curve whose function field is the Galois closure of
For simplification, we denote by
For the latter use, suspending the proof, we investigate the configuration of points on H that lie on the line l = 0 or m = 0.
Lemma 5.5 We regard x, y as coordinates of the affine plane
and the line joining Q i and Q i passes through P = (a, b) and is tangent to H at Q i .
Proof. Since each of the two lines is not defined over F q 2 , it meets with H at q + 1 distinct points. Let P α,β ∈ l ∩ H. Then the tangent line T P α,β to H at P α,β is given by y − α q x + β q = 0. On the other hand, since P α,β ∈ l,
The former equality means (a, b) ∈ T P (α,β) , and the latter one P (α q 2 ,β q 2 ) ∈ m. 
by Lemma 5.5. Moreover, it is easy to see that
where Tr is the trace map from F q 2 to F q and c ∈ k with c q + c = a q+1 . In order to find the genus of H 1 , we compute the length of Ω H 1 /H P for P ∈ H 1 , where Ω H 1 /H is the sheaf of relative differentials of H 1 over H. The computation is divided into 4 cases according to where
has q distinct roots as a polynomial in v 1 . Hence Φ −1 (P ) consists of q points by Kummer's theorem [14, III 3.7] . So length Ω H 1 /H P = 0. Case b-2. Next we consider the case
We denote by eP the ramification index atP for Φ, and by f = vP (r), where vP is the valuation atP ∈ H 1 . A local equation of H around Q is given by
and the extension
is given by
because of (26). Note that l and m can be represented by using s 1 and s 2 as
The constant term β − a 1/q α + b 1/q of l is nonzero because Q ∈ (l) 0 . Hence v Q (l) = 0. Since v Q (m) = 1 by Lemma 5.5, vP (m) = eP . Therefore the values of vP at each term in (28) are as in Table 1 . 
Since the denominator l of (31) is a unit of OP and (α − a)
On the other hand, we know that
The last condition comes from the assumption Q = (α, β) ∈ (m) 0 . Here α − a = 0. In fact, if α − a = 0, then the line x = a is tangent to H at Q , which is absurd because the line passes through
which contradicts to (32). Hence we have eP = qf . Since eP ≤ q, we can conclude that eP = q and f = 1. Now we compute the length of (Ω H 1 /H )P . Since vP (r) = f = 1, r is a local parameter atP ∈ H 1 . Since s 1 is a local parameter at Q = Φ(P ) ∈ H,
). From (27),
From (28),
On the other hand, using the relation (33), we have
from Eq. (29) and Eq. (30) respectively. Hence 
Looking at the coefficient of
modulo mP carefully, we know the coefficient is a unit of OP . From (29), (30) and (27) 
We start from Eq. (25), namely 
So there are at least two points lying over Q, sayP andP . We may assume thatP corresponds the solution v 2 = 0 of (38) andP the solution v 2 = −m(Q)/(α − a) q . It is not hard to see that the ramification index atP is q − 1 and that atP is 1. Case b-4. We consider the case P ∈ (x − a) 0 . Considering Eq. (26) modulo the maximal ideal of O H,P , we know Φ −1 (P ) consists of q distinct points by Kummer's theorem [14] . Case b-5. Finally we consider the ramification over P ∞ . Put ρ = 1/y and τ = x/y. Then ρ q + ρ = τ q+1 holds because y q + y = x q+1 . Rewrite (26) by using ρ and τ :
Put v 2 = ρv 1 . Then we have (iv) For a point P ∈ H 1 other than the above points, Θ −1 (P ) consists of q − 1 points, and each of them is of ramification index 1.
Hence by Hurwitz's formula, we have 2g − 2 = (q − 1)(2g 1 − 2) + 2(q + 1)(q − 2), whereg is the genus of H P . So we haveg = q(q 3 − q − 2)/2 2
